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Abstract
We start by briefly reviewing the description of gravity theories as gauge theories in
four dimensions. More specifically we recall the procedure leading to the results of General
Relativity and Weyl Gravity in a gauge-theoretic manner. Then, after a brief reminder of
the formulation of gauge theories on noncommutative spaces, we review our recent work,
where gravity is constructed as a gauge theory on the fuzzy dS4.
1 Introduction
One of the main research areas addressing the problem of the lack of knowledge of the
spacetime quantum structure is based on the idea that at extremaly small distances (Planck
length) the coordinates exhibit a noncommutative structure. Then it is natural to wonder
which are the implications for gravity of such an idea. On the other hand at more ordinary
(say LHC) distances the Strong, Weak and Electromagnetic interactions are successfully
formulated using gauge theories, while at much smaller distances the Grand Unified Gauge
Theories provide a very attractive unification scheme of the threee interactions. The grav-
itational interaction is not part of this picture, admitting a geometric formulation, the
Theory of Relativity. However there exists a gauge-theoretic approach to gravity besides
the geometric one [1–12]. This approach started with the pioneer work of Utiyama [1]
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and was refined by other authors [2–12] as a gauge theory of the de Sitter SO(1, 4) group,
spontaneously broken by a scalar field to the Lorentz SO(1, 3) group. Similarly using
the gauge-theoretic approach the Weyl gravity has been constructed as a gauge theory of
the 4-d conformal group [7, 8]. Returning to the noncommutative framework and taking
into account the gauge-theoretic description of gravity, the well-established formulation of
gauge theories on noncommutative spaces leads to the construction of models of noncom-
mutative gravity [13–21]. In these treatments the authors use the constant noncommuta-
tivity (Moyal-Weyl), the formulation of the ⋆-product and the Seiberg-Witten map [22].
In addition to these treatments noncommutative gravitational models can be constructed
using the noncommutative realization of matrix geometries [23–35], while it should also
be noted that there exist alternative approaches [36–38] (see also [39]), which will not be
considered here. It should also be noted that the formulation of noncommutative grav-
ity implies, in general, noncommutative deformations which break the Lorentz invariance.
However, “covariant noncommutative spaces” have been constructed too [41, 42] which
preserve the Lorentz invariance. Consequently noncommutative deformations of field the-
ories have been constructed [43–52] (see also [53–57]. The main point of this article is to
present the various features of a 4-d gravity that we have constructed recently [50] as a
gauge theory on a fuzzy dS4. Motivated by Heckman-Verlinde [42], who were based on
Yang’s early work [41], we have considered a 4-d covariant fuzzy dS space which preserves
Lorentz invariance. The requirement of covariance led us to an enlargement of the isome-
tries of the fuzzy dS4, specifically from SO(1, 4) to SO(1, 5). Then the construction of a
gauge theory on this noncommutative space by gauging a subgroup of the full isometry,
led us to an enlargement of the gauge group and in fixing its representation. In addition
the covariance of the field strength tensor required the inclusion of a 2-form gauge field.
Eventually we have proposed an action of Yang-Mills type, including the kinetic term of
the 2-form.
2 Gravity as a gauge theory
In this section we recall the interpretation of the four-dimensional Einstein and Weyl
gravities as gauge theories in order to be used later in the framework of noncommutative
fuzzy spaces.
2.1 4-d Einstein’s Gravity as a Gauge Theory
Gravitational interaction in four dimensions is described by General Relativity, a solid
and successful theory which has been well-tested over decades since its early days. It is
formulated geometrically in contrast to the rest of the interactions, which are described as
gauge theories. Targeting to a unified description of gravity with the other interactions, a
gauge-theoretic approach to gravity has been developed [1–6]. Lets us recall the main fea-
tures of this approach to describe the 4-d Einstein’s gravity. To achieve a gauge-theoretic
approach of 4-d gravity, as a first step the vierbein formulation of General Relativity has
to be employed. Then depending on the presence and sign of the cosmological constant
gauge theories have been constructed on the Minkowski M4, de Sitter dS4 and anti-de-
Sitter AdS4 spacetimes based on the gauge groups Poincare, de Sitter and Anti-de Sitter,
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respectively. The choice of these groups as the symmetry gauge groups being that they
are the isometry groups of the corresponding spacetimes. Let us start with the case in
which there is no cosmological constant included, i.e., the case of the Poincaré group. In
this case the generators of the corresponding algebra satisfy the following commutation
relations:
[Mab,Mcd] = 4η[a[cMd]b] , [Pa,Mbc] = 2ηa[bPc] , [Pa, Pb] = 0 , (1)
where ηab = diag(−1, 1, 1, 1) is the metric tensor of the 4-d Minkowski spacetime, Mab
are the generators of the Lorentz group (the Lorentz transformations) and Pa are the
generators of the local translations. Then according to the standard gauging procedure,
the gauge potential, Aµ, is introduced and it is expressed as a decomposition on the
generators of the Poincare algebra, as follows:
Aµ(x) = eµ
a(x)Pa +
1
2
ωµ
ab(x)Mab . (2)
The functions attached to the generators are the gauge fields of the theory and, in this
case, they are identified as the vierbein, eµa , and the spin connection, ωµab , which
correspond to the translations, Pa, and the Lorentz generators, Mab, respectively. In this
way, i.e. considering the vierbein as gauge field, it is achieved a mixing among the internal
and spacetime symmetries and that is what makes this kind of construction special, as
compared to the gauge theories describing other interactions. The gauge connection Aµ
transforms according to the following rule:
δAµ = ∂µǫ+ [Aµ, ǫ] , (3)
where ǫ = ǫ(x) is the gauge transformation parameter which is also expanded on the
generators of the algebra:
ǫ(x) = ξa(x)Pa +
1
2
λab(x)Mab . (4)
Combining eqs (2) and (4) with (3) result to the following expressions of the transforma-
tions of the gauge fields:
δeµ
a = ∂µξ
a + ωµ
abξb − λ
a
beµ
b , (5)
δωµ
ab = ∂µλ
ab − 2λ[acωµ
cb] . (6)
According to the standard procedure followed in gauge theories, the corresponding field
strength tensor of the gauge theory is defined as:
Rµν(A) = 2∂[µAν] + [Aµ, Aν ] (7)
and since it is valued in the algebra of generators is also expanded on them as:
Rµν(A) = Rµν
a(e)Pa +
1
2
Rµν
ab(ω)Mab , (8)
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where Rµνa and Rµνab are the curvatures associated to the component gauge fields, identi-
fied as the torsion and curvature, respectively. Replacing eqs (2) and (8) in the (7) results
to the following explicit expressions:
Rµν
a(e) = 2∂[µeν]
a − 2ω[µ
abeν]b , (9)
Rµν
ab(ω) = 2∂[µων]
ab − 2ω[µ
acων]c
b . (10)
Concerning the dynamics of the theory, the obvious choice is an action of Yang-Mills
type, invariant under the gauge Poincaré group ISO(1,3). However, the aim is to result
with the Einstein-Hilbert action, which is Lorentz invariant and, therefore, the gauge
Poincaré group ISO(1,3) of the initial action has to be broken to the gauge Lorentz group
SO(1,3). This can be achieved by gauging the SO(1,4) group, instead of the Poincaré group
ISO(1,3), and employing its spontaneous symmetry breaking, induced by a scalar field that
belongs to its fundamental representation [3, 5]. The choice of the 4-d de Sitter group is
an alternative and preferred choice to that of the Poincare group, since all generators
of the algebra can be considered on equal footing. The spontaneous symmetry breaking
leads to the breaking of the translational generators, resulting to a constrained theory
with vanishing torsion involving the Ricci scalar (and a topological Gauss-Bonnet term),
respecting only the Lorentz symmetry, that is the Einstein-Hilbert action!
Concluding, Einstein’s four-dimensional gravity can be formulated as a gauge theory of
the Poincare group, as far as the kinematic part is concerned, i.e. the transformation of the
fields and the expressions of the curvature tensors. Going to the dynamics though, instead
of the Poincare group, it is the de Sitter symmetry which the initial Yang-Mills action
has to respect. In turn, the inclusion of a scalar field and the addition of an appropriate
kinetic term in the Lagrangian leads to a spontaneous symmetry breaking to the Lorentz
gauge symmetry, i.e. to the Einstein-Hilbert action.
An alternative way to obtain an action with Lorentz symmetry, is to impose that the
action is invariant only under the Lorentz symmetry and not under the total Poincare
symmetry with which one starts. This means that the curvature tensor related to the
translations has to vanish. In other words the torsionless condition is imposed in this
way as a constraint that is necessary in order to result with an action respecting only the
Lorentz symmetry. Solution of this constraint leads to a relation of the spin connection
with the vielbein:
ω abµ =
1
2
eνa(∂µe
b
ν − ∂νe
b
µ )
1
2
eνb(∂µe
a
ν − ∂νe
a
µ )
−
1
2
eρaeσb(∂ρeσc − ∂σeρc)e
c
µ .
(11)
However, straightforward consideration of an action of Yang-Mills type with Lorentz
symmetry, would lead to an action involving the R(M)2 term, which is not the correct one,
since the aim is to obtain the Einstein-Hilbert action. Also, such an action would imply
the wrong dimensionality (zero) of the coupling constant of gravity. In order to result with
the Einstein-Hilbert action, which includes a dimensionful coupling constant, the action
has to be considered in an alternative, non-straightforward way, that is the construction
of Lorentz invariants out of the quantities (curvature tensor) of the theory. The one that
is built by certain contractions of the curvature tensor is the correct one, ensuring the
correct dimensionality of the coupling constant, and is identified as the Ricci scalar and
the corresponding action is eventually the Einstein-Hilbert action.
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2.2 4-d Weyl Gravity as a Gauge Theory
Besides Einstein’s gravity, also Weyl’s gravity has been successfully described as a gauge
theory of the 4-d conformal group, SO(2,4). In this case, too, the transformations of the
fields and the expressions of the curvature tensors are determined in a straightforward way.
The initial action that is considered is an SO(2,4) gauge invariant action of Yang-Mills
type which is broken by imposition of specific conditions (constraints) on the curvature
tensors. After taking into account the constraints, the resulting action of the theory is the
scale invariant Weyl action [7–9] (see also [10, 11]).
The generators of the conformal algebra of SO(2,4) are the local translations (Pa), the
Lorentz transformations (Mab), the conformal boosts (Ka) and the dilatations (D). Their
algebra is determined by their commutation relations:
[Mab,M
cd] = 4M
[d
[a δ
c]
b] , [Mab, Pc] = 2P[aδb]c , [Mab,Kc] = 2K[aδb]c
[Pa,D] = Pa , [Ka,D] = −Ka , [Pa,Kb] = 2(δabD −Mab) ,
(12)
where a, b, c, d = 1...4. Then, according to the gauging procedure, the gauge potential, Aµ
of the theory is in turn determined and is given as an expansion on the generators of the
gauge group, i.e.:
Aµ = e
a
µ Pa +
1
2
ω abµ Mab + bµD + f
a
µ Ka , (13)
where a gauge field has been associated with each generator. In this case, too, the vierbein
and the spin connection are identified as gauge fields of the theory. The transformation
rule of the gauge potential, (13), is given by:
δǫAµ = Dµǫ = ∂µǫ+ [Aµ, ǫ] , (14)
where ǫ is a gauge transformation parameter valued in the Lie algebra of the SO(2,4) group
and therefore it can be written as:
ǫ = ǫ aP Pa +
1
2
ǫ abM Mab + ǫDD + ǫ
a
KKa . (15)
Combining the equations (14), (13) and (15) result to the following expressions of the
transformations of the gauge fields of the theory:
δe aµ = ∂µǫ
a
P + 2ieµbǫ
ab
M − iω
ab
µ ǫPb − bµǫ
a
K + f
a
µ ǫD ,
δω abµ =
1
2
∂µǫ
ab
M + 4ie
a
µ ǫ
b
P +
i
4
ω acµ ǫ
b
M c + if
a
µ ǫ
b
K ,
δbµ = ∂µǫD − e
a
µ ǫKa + f
a
µ ǫPa ,
δf aµ = ∂µǫ
a
K + 4ie
a
µ ǫD − iω
ab
µ ǫKb − 4ibµǫ
a
P + if
b
µ ǫ
a
M b .
(16)
Accordingly the field strength tensor is defined by the relation:
Rµν = 2∂[µAν] − i[Aµ, Aν ] (17)
and is expanded on the generators as:
Rµν = R˜
a
µν Pa +
1
2
R abµν Mab +Rµν +R
a
µν Ka . (18)
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Then combining the equation (17) and (18) result in the following expressions of the
component curvature tensors:
R aµν (P ) = 2∂[µe
a
ν] + f
a
[µ bν] + e
b
[µ ω
ac
ν] δbc,
R abµν (M) = ∂[µω
ab
ν] + ω
ca
[µ ω
db
ν] δcd + e
a
[µ e
b
ν] + f
a
[µ f
b
ν] ,
Rµν(D) = 2∂[µbν] + f
a
[µ e
b
ν] δab,
R aµν (K) = 2∂[µf
a
ν] + e
a
[µ bν] + f
b
[µ ω
ac
ν] δbc .
(19)
Concerning the action, it is taken to be a gauge SO(2,4) invariant of Yang-Mills type.
Then the initial SO(2,4) gauge symmetry can be broken by the imposition of certain
constraints [7–9], namely the torsionless condition, R(P ) = 0 and an additional constraint
on R(M). The two constraints admit an algebraic solution leading to expressions of the
fields ω abµ and f
a
µ in terms of the independent fields e
a
µ and bµ. In addition, bµ can be
gauged fixed to bµ = 0 and, imposing all the constraints in the initial action lead to the
well-known Weyl action, which is diffeomorphism and scale invariant.
Besides the above breaking of the conformal symmetry which led to the Weyl action,
another breaking pattern via constraints has been suggested [51], leading to an action with
Lorentz symmetry, i.e. explicitly the Einstein-Hilbert action. From our prespective, the
latter can be achieved through an alternative symmetry breaking mechanism, specifically
with the inclusion of two scalar fields in the fundamental representation of the conformal
group [52]. Then the spontaneous symmetry breaking could be triggered just as a gener-
alization of the case of the breaking of the 4-d de Sitter group down to the Lorentz group
by the inclusion of a scalar in the fundamental representation of SO(1,4), as discussed in
section 2.1. Calculations and details on this issue will be included in a future work.
Moreover, the argument used in the previous section in the 4-d Poincaré gravity case
as an alternative way to break the initial symmetry to the Lorentz, can be generalized in
the case of conformal gravity too. Since it is desired to result with the Lorentz symmetry
starting from the initial gauge SO(2,4) symmetry, the vacuum of the theory is considered
to be directly SO(4) invariant, which means that every other tensor, except for the R(M),
has to vanish. Setting these tensors to zero will produce the constraints of the theory
leading to expressions that relate the gauge fields. In particular, in [51], it is argued that
if both tensors R(P ) and R(K) are simultaneously set to zero, then from the constraints
of the theory it is understood that the corresponding gauge fields, f aµ , e
a
µ are equal - up
to a rescaling factor - and bµ = 0.
3 Gauge Theories on Noncommutative Spaces
Let us now briefy recall the main concepts of the formulation of gauge theories on non-
commutative spaces, in order to use them later in the construction of the noncommutative
gravity models.
Gauge fields arise in noncommutative geometry and in particular on fuzzy spaces very
naturally; they are linked to the notion of covariant coordinate [58]. Consider a field
φ(Xa) on a fuzzy space described by the non-commuting coordinates Xa and transforming
according to a gauge group G. An infinitesimal gauge transformation δφ of the field φ
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with gauge transformation parameter λ(Xa) is defined by:
δφ(X) = λ(X)φ(X) . (20)
If λ(X) is a function of the coordinates, Xa, then it is an infinitesimal Abelian transfor-
mation and G = U(1), while if λ(X) is valued in the Lie algebra of hermitian P × P
matrices, then the transformation is non-Abelian and the gauge group is G = U(P ). The
coordinates are invariant under an infinitesimal transformation of the the gauge group, G,
i.e. δXa = 0. In turn the gauge transformation of the product of a coordinate and the
field is not covariant:
δ(Xaφ) = Xaλ(X)φ , (21)
since, in general, it holds:
Xaλ(X)φ 6= λ(X)Xaφ . (22)
Following the ideas of the construction of ordinary gauge theories, where a covariant deriva-
tive is defined, in the noncommutative case, the covariant coordinate, φa, is introduced by
its transformation property:
δ(φaφ) = λφaφ , (23)
which is satisfied if:
δ(φa) = [λ, φa] . (24)
Eventually, the covariant coordinate is defined as:
φa ≡ Xa +Aa , (25)
where Aa is identified as the gauge connection of the noncommutative gauge theory. Com-
bining equations (24), (25), the gauge transformation of the connection, Aa , is obtained:
δAa = −[Xa, λ] + [λ,Aa] . (26)
justifying the interpratation of Aa as a gauge field 1. Correspondingly the field strength
tensor, Fab , is defined as:
Fab ≡ [Xa, Ab]− [Xb, Aa] + [Aa, Ab]− C
c
abAc = [φa, φb]− C
c
abφc , (27)
which is covariant under a gauge transformation,
δFab = [λ, Fab] . (28)
In the following sections, the above methodology will be applied in the construction of
gravity models as gauge theories on fuzzy spaces.
4 A 4-d Noncommutative Gravity Model
Let us now proceed with the presentation of a 4-d gravity model as a gauge theory on a
fuzzy space. We start with the construction of an appropriate 4-d fuzzy space and then
we build a gravity theory as a gauge theory on this noncommutative space.
1For more details see [39]
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4.1 Fuzzy de Sitter Space
Let us construct first the fuzzy 4-d de Sitter space, dS4, which will be used as the back-
ground space on which we will define the gauge theory that we propose to describe gravity.
The continuous dS4 is defined as a submanifold of the 5-d Minkowski spacetime and can
be viewed as the Lorentzian analogue of the definition of the four-sphere as an embedding
in the 5-d Euclidean space. The defining embedding equation of dS4 is:
ηMNxMxN = R
2 , (29)
M,N = 0, . . . , 4 and ηMN is the metric tensor of the 5-d Minkowski spacetime, ηMN =
diag(−1,+1,+1,+1,+1). In order to obtain the fuzzy analogue of this space, one has to
consider its coordinates, Xm, to be operators that do not commute with each other:
[Xm,Xn] = iθmn , (30)
where the spacetime indices arem,n = 1, . . . , 4. In analogy to the fuzzy sphere case, where
the corresponding coordinates are identified as the rescaled three generators of SU(2)
in a high N-dimensional representation, we expect that the right hand side in eq(30),
should be identified with a generator of the underlying algebra, ensuring covariance, i.e
θmn = C
r
mn Xr, where Cmnr is a rescaled Levi-Civita symbol. Otherwise, if the the right
hand side in eq(30) is a fixed antisymmetric tensor the Lorentz invariance will be violated.
However, in the present fuzzy de Sitter case, such an identification cannot be achieved,
since the algebra is not closing [42] 2. To achieve covariance, the suggestion [41, 42] is to
use a group with a larger symmetry, in which we will be able to incorporate all generators
and the noncommutativity in it. The minimal extension of the symmetry leads us to adopt
the SO(1, 5) group. Therefore, a fuzzy dS4 space, with its coordinates being operators
represented by N-dimensional matrices, respecting covariance, too, is obtained after the
enlargement of the symmetry to the SO(1, 5) [50]. To facilitate the construction we make
use of the Euclidean signature, therefore, instead of the SO(1, 5), the resulting symmetry
group is considered to be that of SO(6).
In order to formulate explicitly the above 4-d fuzzy space, let us consider the SO(6)
generators, denoted as JAB = −JBA, with A,B = 1, . . . , 6, satisfying the following com-
mutation relation:
[JAB , JCD] = i(δACJBD + δBDJAC − δBCJAD − δADJBC) . (31)
These generators can be written as a decomposition in an SO(4) notation, with the com-
ponent generators identified as various operators, including the coordinates, i.e.:
Jmn =
1
h¯
Θmn, Jm5 =
1
λ
Xm, Jm6 =
λ
2h¯Pm, J56 =
1
2h , (32)
where m,n = 1, . . . , 4. For dimensional reasons, an elementary length, λ, has been intro-
duced in the above identifications, in which the coordinates, momenta and noncommu-
tativity tensor are denoted as Xm, Pm and Θmn, respectively. Then the coordinate and
2 For more details on this issue, see [54, 55], where the same problem emerges in the construction of the
fuzzy four-sphere.
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momentum operators satisfy the following commutation relations:
[Xm,Xn] = i
λ2
h¯
Θmn, [Pm, Pn] = 4i
h¯
λ2
Θmn, (33)
[Xm, Pn] = ih¯δmnh, [Xm,h] = i
λ2
h¯
Pm, (34)
[Pm,h] = 4i
h¯
λ2
Xm , (35)
while the algebra of spacetime transformations is given by:
[Xm,Θnp] = ih¯(δmpXn − δmnXp) (36)
[Pm,Θnp] = ih¯(δmpPn − δmnPp) (37)
[Θmn,Θpq] = ih¯(δmpΘnq + δnqΘmp − δnpΘmq − δmqΘnp) (38)
[h,Θmn] = 0 . (39)
It is very interesting to note that the above algebra in contrast to the Heisenberg algebra
(see [59]) admits finite-dimensional matrices to represent the operators Xm, Pm and Θmn
and therefore the spacetime obtained above is a finite quantum system. Then clearly the
above fuzzy dS4 falls into the general class of the fuzzy covariant spaces [42, 56, 60].
4.2 Gravity as Gauge Theory on the Fuzzy dS4
In the previous section, the fuzzy dS4 space was constructed and the appropriate symmetry
group to be used was found to be the SO(6). Following the recipe of the construction of
Einstein gravity as gauge theory in section 2.1, in which the isometry group (the Poincaré
group) was chosen to be gauged, in this case the gauge group would be given by the
isometry group of the fuzzy dS4 space, namely the SO(5), viewed as a subgroup of the
SO(6) group.
However, it is known that in noncommutative gauge theories, the use of the anticom-
mutators of the generators of the algebra is inevitable, as we have explained in detail in our
previous works [43, 44] (see also [16]). Specifically, the anticommutation relations of the
generators of the gauge group, SO(5), produce operators that, in general, do not belong
to the algebra. The indicated treatment is to fix the representation of the generators and
all operators produced by the anticommutators of the generators to be included into the
algebra, identifying them as generators, too. This procedure led us to an extension of the
SO(5) to SO(6)× U(1) (∼ U(4)) group 3 with the generators being represented by 4× 4
matrices in the spinor representation of SO(6) (or the fundamental of SU(4)), 4.
In order to obtain the specific expressions of the matrices representing the generators,
the four Euclidean Γ-matrices are employed, satisfying the following anticommutation
relation:
{Γa,Γb} = 2δab1l , (40)
where a, b = 1, . . . , 4. Also the Γ5 matrix is defined as Γ5 = Γ1Γ2Γ3Γ4. Therefore, the
generators of the SO(6)×U(1) gauge group are identified as:
3 Most probably the extension of the gauge group from SO(5) to SO(6) is not a coincidence, while the
inclusion of a U(1) is quite intrinsic property of noncommutative theories.
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a) Six generators of the Lorentz transformations: Mab = − i4 [Γa,Γb] = −
i
2ΓaΓb , a < b,
b) four generators of the conformal boosts: Ka = 12Γa,
c) four generators of the local translations: Pa = − i2ΓaΓ5,
d) one generator for special conformal transformations: D = −12Γ5 and
e) one U(1) generator: 1l.
The Γ-matrices are determined as tensor products of the Pauli matrices, specifically:
Γ1 = σ1 ⊗ σ1, Γ2 = σ1 ⊗ σ2, Γ3 = σ1 ⊗ σ3
Γ4 = σ2 ⊗ 1l, Γ5 = σ3 ⊗ 1l .
Therefore, the generators of the algebra are represented by the following 4×4 matrices:
Mij = −
i
2
ΓiΓj =
1
2
1l⊗ σk , (41)
where i, j, k = 1, 2, 3 and:
M4k = −
i
2
Γ4Γk = −
1
2
σ3 ⊗ σk . (42)
Straightforward calculations lead to the following commutation relations, which the oper-
ators satisfy:
[Ka,Kb] = iMab, [Pa, Pb] = iMab
[Xa, Pb] = iδabD, [Xa,D] = iPa
[Pa,D] = iKa, [Ka, Pb] = iδabD, [Ka,D] = −iPa
[Ka,Mbc] = i(δacKb − δabKc)
[Pa,Mbc] = i(δacPb − δabPc)
[Mab,Mcd] = i(δacMbd + δbdMac − δbcMad − δadMbc)
[D,Mab] = 0 .
(43)
Having determined the commutation relations of the generators of the algebra, the
noncommutative gauging procedure can be done in a rather straightforward way. To start
with, the covariant coordinate is defined as:
Xˆm = Xm ⊗ 1l+Am(X) . (44)
The coordinate Xˆm is covariant by construction and this property is expressed as:
δXˆm = i[ǫ, Xˆm] , (45)
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where ǫ(X) is the gauge transformation parameter, which is a function of the coordinates
(N ×N matrices), Xm, but also is valued in the SO(6)× U(1) algebra. Therefore, it can
be decomposed on the sixteen generators of the algebra:
ǫ = ǫ0(X) ⊗ 1l+ ξ
a(X) ⊗Ka + ǫ˜0(X)⊗D + λab(X)⊗ Σ
ab + ξ˜a(X) ⊗ Pa . (46)
Taking into account that a gauge transformation acts trivially on the coordinate Xm,
namely δXm = 0, the transformation property of the Am is obtained by combining the
equations (44), (45) and (46). According to the corresponding procedure in the commuta-
tive case, the Am transforms in such a way that admits the interpretation of the connection
of the gauge theory. Also similarly to the case of the gauge transformation parameter, ǫ,
the Am, is a function of the coordinates Xm of the fuzzy space dS4, but also takes values in
the SO(6)×U(1) algebra, which means that it can be expanded on its sixteen generators
as follows:
Am(X) = e
a
m(X)⊗ Pa + ω
ab
m (X)⊗ Σab(X) + b
a
m(X)⊗Ka(X)
+ a˜m(X)⊗D + am(X)⊗ 1l ,
(47)
where it is clear that the various gauge fields have been corresponded to the generators
of the SO(6) × U(1). The component gauge fields are functions of the coordinates of the
space, Xm, therefore they have the form of N × N matrices, where N is the dimension
of the representation in which the coordinates are accommodated. Thus, instead of the
ordinary product, between the gauge fields and their corresponding generators, the tensor
product is used, since the factors are matrices of different dimensions, given that the
generators are represented by 4 × 4 matrices. Then, each term in the expression of the
gauge connection is a 4N × 4N matrix.
After the introduction of the gauge fields, the covariant coordinate is written as:
Xˆm = Xm ⊗ 1l+ e
a
m(X) ⊗ Pa + ω
ab
m (X) ⊗ Σab + b
a
m ⊗Ka + a˜m ⊗D + am ⊗ 1l . (48)
Then the next step in the theory that we are developing is to calculate its field strength
tensor. We found that for the fuzzy de Sitter space, the field strength tensor has to be
defined as:
Rmn = [Xˆm, Xˆn]−
iλ2
h¯
Θˆmn , (49)
where Θˆmn = Θmn ⊗ 1l+ Bmn. The Bmn is a 2-form gauge field, which takes values in the
SO(6)×U(1) algebra. The Bmn field was introduced in order to make the field strength
tensor covariant, since in its absence it does not transform covariantly 4. The Bmn field
will contribute in the total action of the theory with a kinetic term of the following form:
SB = Tr tr HˆmnpHˆ
mnp . (50)
The Hˆmnp field strength tensor transforms covariantly under a gauge transformation, there-
fore the above action is gauge invariant.
The field strength tensor of the gauge connection, (49), can be expanded in terms of
the component curvature tensors, since it is valued in the algebra:
Rmn(X) = R
ab
mn (X)⊗ Σab + R˜
a
mn(X)⊗ Pa +R
a
mn(X)⊗Ka
+ R˜mn(X) ⊗D +Rmn(X)⊗ 1l .
(51)
4Details on this generic issue on such spaces are given in Appendix A of the first paper of [50].
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All necessary information for the determination of the transformations of the gauge fields
and the expressions of the component curvature tensors is obtained. The explicit expres-
sions and calculations can be found in the first paper of ref. [50].
4.3 The Action and the Constraints for the Symmetry Break-
ing
Concerning the action of the theory, it is natural to consider one of Yang-Mills type 5:
S = Trtr{Rmn,Rrs}ǫ
mnrs , (52)
where Tr denotes the trace over the coordinates-N×N matrices (it replaces the integration
of the continuous case) and tr denotes the trace over the generators of the algebra.
However the gauge symmetry of the resulting theory, with which we would like to end
up, is the one described by the Lorentz group, in the Euclidean signature, the SO(4). In
this direction, one could consider directly a constrained theory in which the only com-
ponent curvature tensors that would not be imposed to vanish would be the ones that
correspond to the Lorentz and the U(1) generators of the algebra, achieving a breaking of
the initial SO(6)×U(1) symmetry to the SO(4)×U(1). However, counting the degrees of
freedom, adopting the above breaking would lead to an overconstrained theory. Therefore,
it is more efficient to follow a different procedure and perform the symmetry breaking in a
less straightforward way [50]. Accordingly, the first constraint is the torsionless condition:
R˜ amn(P ) = 0 , (53)
which is also imposed in the cases in which the Einstein and conformal gravity theories
are described as gauge theories. The presence of the gauge field b am would admit an
interpretation of a second vielbein of the theory, that would lead to a bimetric theory,
which is not what we are after in the present case. Here it would be preferable to have the
relation e am = b
a
m in the solution of the constraint. This choice leads also in expressing
of the spin connection ω abm in terms of the rest of the independent fields, e
a
m , am, a˜m.
To obtain the explicit expression of the spin connection in terms of the other fields, the
following two identities are employed:
δabcfgh = ǫ
abcdǫfghd and
1
3!
δabcfgha
fgh = a[fgh] . (54)
Solving the constraint R˜(P ) = 0, it follows that:
ǫabcd[e bm, ω
cd
n ]− i{ω
ab
m , enb} = −[Dm, e
a
m ]− i{e
a
m , a˜m} , (55)
where Dm = Xm+am being the covariant coordinate of an Abelian noncommutative gauge
theory. Then the above equation leads to the following two:
ǫabcd[e bm, ω
cd
n ] = −[Dm, e
a
m ] and {ω
ab
m , enb} = {e
a
m , a˜n} . (56)
5A Yang-Mills action trF 2 defined on the fuzzy dS4 space is gauge invariant, for details see Appendix A of
the first paper of [50].
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Taking into account also the identities, (54), the above equations lead to the desired
expression for the spin connection in terms of the rest fields:
ω acn = −
3
4
emb(−ǫ
abcd[Dm, end] + δ
[bc{e a]n , a˜m}) . (57)
According to [61], the vanishing of the field strength tensor in a gauge theory could lead
to the vanishing of the associated gauge field. However, the vanishing of the torsion
component tensor, R˜(P ) = 0, does not imply e aµ = 0, because such a choice would lead to
degeneracy of the metric tensor of the space [12]. The field that can be gauge-fixed to zero
is the a˜m. Then this fixing, a˜m = 0, will modify the expression of the spin connection, (57),
leading to a further simplified expression of the spin connection in terms of the vielbein:
ω acn =
3
4
embǫ
abcd[Dm, end] . (58)
We note that the U(1) field strength tensor, Rmn(1l), signaling the noncommutativity of the
space, is not considered to be vanishing. The U(1) remains unbroken in the resulting theory
after the breaking, since we still have a theory on a noncommutative space. However, the
corresponding field, am, would vanish if we consider the commutative limit of the broken
theory, in which noncommutativity is lifted and am decouples being super heavy. In
this limit, the gauge theory would be just SO(4). Alternatively, another way to break
the SO(6) gauge symmetry to the desired SO(4) is to induce a spontaneous symmetry
breaking by including two scalar fields in the 6 representation of SO(6) [52], extending
the argument developed for the case of the conformal gravity to the noncommutative
framework. It is expected that the spontaneous symmetry breaking induced by the scalars
would lead to a constrained theory as the one that was obtained above by the imposition
of the constraints (53). After the symmetry breaking, i.e. including the constraints, the
surviving terms of the action will be:
S = 2Tr(R abmn R
cd
rs ǫabcdǫ
mnrs + 4R˜mnRrsǫ
mnrs
+
1
3
H abmnp H
mnpcdǫabcd +
4
3
H˜mnpH
mnp) .
(59)
Finally replacing with the explicit expressions of the component tensors and writing
the ω gauge field in terms of the surviving gauge fields, (58) and then varying with respect
to the independent gauge fields would lead to the equations of motion.
5 Summary and Conclusions
In the present review we presented a 4-d gravity model as a gauge theory on a fuzzy version
of the 4-d de Sitter space. It should be stressed that the constructed fuzzy dS4 consists
a 4-d covariant noncommutative space, respecting Lorentz invariance, which is of major
importance in our case. Next, although we started by gauging the isometry group of dS4,
SO(5), we were led to enlarge it to SO(6)×U(1) in order to include the anticommutators
of its generators that appear naturally in the noncommutative framework and in fixing the
respresentation. Then, following the standard procedure we calculated the transformations
of the fields and the expressions of the component curvature tensors. Since our aim was
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to result with a theory respecting the Lorentz symmetry, we imposed certain constraints
in order to break the initial symmetry. After the symmetry breaking, the action takes its
final form and its variation will lead to the equations of motion. The latter will be part
of our future work. It should be noted that, before the symmetry breaking, the results
of the above construction reduce to the ones of the conformal gravity in the commutative
limit. Finally, it should be also emphasized that the above is a matrix model giving insight
into the gravitational interaction in the high-energy regime and also giving promises for
improved UV properties as compared to ordinary gravity. Clearly, the latter, as well the
inclusion of matter fields is going to be a subject of further study.
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